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1. Introduction

A significant increase in the volume of high-rise con-
struction renders special urgency to the problem of safety 
of such facilities. Because of their specificity, they have 
a higher degree of potential danger, determined by the 
following:

– the increased number of floors;
– the presence of a significant number of people and a 

limited possibility of evacuation and rescue during fires and 
emergencies; 

– complex structures with a large number of engineering 
communications and the existence of various engineering 
and technical systems; 
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A significant growth in the volume 
of high-rise construction gives special 
relevance and urgency to the problem 
of safety of such facilities. Scientifically 
grounded plans of people’s evacua-
tion, including all sorts of scenarios for 
people’s evacuation from buildings are 
developed for such structures. Scenarios 
include simulations of the motion of 
human flows along corridors, stairs, 
using elevators and mobile evacuation 
vehicles. An unresolved part of the prob-
lem is the problem of the rational choice 
and accommodation of people in station-
ary and mobile evacuation vehicles.

The MIP model of the rational choice 
and accommodation of people in mobile 
vehicles of evacuation from buildings 
was developed. A particular case of the 
model – optimization of accommoda-
tion of people in the emergency evacua-
tion vehicles according to the sequence 
of people’s arrival from the flow – was 
explored. The basic features of the model 
were analyzed: the model of the prob-
lem of mixed integer programming with 
piecewise continuous objective function. 
The specific features of the model allowed 
reasonable boiling down the problem to a 
sequence of sub-problems of accommoda-
tion the first objects (people) according 
to the sequence of their arrival and adapt 
each of them to the solution employing the 
multistart method with the application of 
artificial basis.

A three-component model is con-
sidered as objects (of human bodies). 
The model is subject to restrictions that 
ensure the conditions for "gluing" the 
model's components into a single com-
plex object. Continuous rotations of the 
model components with limitations to the 
turning angles are allowed. 

The proposed models and the solu-
tion methods modified in the present 
research make it possible to find both 
the configurations of the optimal-local 
accommodation of complex objects and 
the spatial shapes of objects
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– the multifunctionality of high-rise buildings; 
– a probability of terrorist acts.
Scientifically grounded plans of people evacuation, 

including all sorts of scenarios for people evacuation from 
buildings, are developed for such structures. Scenarios 
include simulations of the motion of human flows along 
corridors, stairs, by using elevators and mobile evacua-
tion vehicles during emergencies. If the above means are 
blocked, people take refuge from hazardous factors of emer-
gencies within specially-protected premises. That is why it 
is a relevant task to simulate people’s motion to allow for 
the rational choice of paths for evacuation from high-rise 
buildings, by either mobile or stationary means, provided 
they are optimally filled.

2. Literature review and problem statement

The applied problem under consideration belongs to the 
class of problems of geometric design [1], in particular, to 
Cutting & Packing problems, also called optimal arrange-
ment problems [2, 3]. The problems of optimal arrangement 
of objects belong to the class of NP-complex problems. 
Heuristic algorithms are typically used to solve problems 
of this class. That is why there is a need to develop effective 
algorithms based on the application of the local optimization 
methods. These methods are based on the analytical descrip-
tion of relations (intersection, touching, non-intersection) 
between objects, taking into consideration their continuous 
translations and rotations.

Approach [4] became the first step in the construction 
of an analytical description of the conditions for mutual 
non-intersection of objects. The approach is based on the use 
of R-functions and makes it possible to describe analytically 
the conditions for the mutual arrangement of geometric ob-
jects of a complex shape. 

Subsequent research in this direction led to the develop-
ment of a mathematical apparatus of the dense arrangement 
function (DAF and its hodograph (HDAF) [5]. Based on 
the HDAF, a methodology for the sequential-single arrange-
ment in the object arrangement problem was developed. But 
this methodology allowed finding only approximations to 
local extremes, typically for objects with piecewise-linear 
boundaries.

The concept of F-function [6, 7] was consequently in-
troduced, whereby relations among geometric objects are 
formalized. F-functions for basic objects in a two-dimen-
sional space were plotted [8]. The F-function method al-
lowed describing optimization arrangement problems as the 
problems of non-linear programming, as well as creating 
effective methods for finding local extrema for a wider range 
of geometric objects.

However, for some objects, F-functions have a very com-
plex form, which is why the concept of a quasi-pfi-function 
[9, 10] was proposed, which simplified the analytical de-
scription of relations among objects.

In the considered applied problem, a person is an ar-
rangement object. Papers [11, 12] showed that the most 
adequate model of the projection of a human body onto a 
horizontal plane is an ellipse. Article [13] provides a fairly 
complete overview of the literature on the problems of el-
lipses arrangement. The problem of optimal arrangement of 
ellipses allowing continuous rotations was explored in [14]. 
Pseudo-normalized quasi-phi-functions [9, 10] are used for 

analytical description of the basic arrangement limitations. 
It was possible, as reported in paper [11], to simplify the ana-
lytical descriptions of relations among ellipses (non-intersec-
tion and location at a minimum allowable distance) using the 
quasi-phi function proposed in the cited paper.

The task of making well-grounded plans of people evac-
uation from buildings caused the necessity to develop the 
software packages to model the motion of people’s flows. The 
CITIS software “Flowtech ID” [15], for a simplified analyt-
ical and simulation-stochastic model, and “Evatech” [12], 
for the individual-flow model of the human flow motion, are 
currently most common. The calculation results obtained 
from the “Flowtech ID” model give the understated values 
of the time it takes for a last person to travel along different 
cross-sections lengthwise the common passage along the 
evacuation route sections. The time was significantly influ-
enced by the processes of reshaping and spreading of human 
flows, the description of which is not included in this model.

In the individual-current model “Evatech”, the speed of 
person’s motion depends on the flow density, which is com-
puted for each person individually. To do this, an area in the 
shape of a rectangle, the large side of which is oriented in 
the direction of the person’s motion, is constructed around a 
person. The area is also shifted in the direction of movement 
of a person with the coefficient of 0.4, that is, the center of 
the area is located from the center of a person at the distance 
equal to the length of the larger side, multiplied by 0.4. The 
constructed area is split into separate sub-areas (it is impos-
sible to move from one sub-area to another without leaving 
the area). This approach of motion modeling is explained by 
the impossibility of analytical description of the process of 
relocating people, the constituent part of which is the de-
scription of conditions of their non-intersection. The values 
of time it takes for a last person to pass through different 
cross-sections of evacuation routes, obtained from the “Evat-
ech” program, are near the lower boundary of permissible 
values when taking into consideration the stochasticity of 
the evacuation process.

The analysis results [16] show the lack of a model of 
individual-flow motion of people, adequate to the actual 
flow of people with limited mobile capabilities of the mixed 
composition in it in a fairly wide range of public buildings of 
different classes of functional fire danger.  

At a comfortable and patient motion of people, the most 
adequate model of a person is an ellipse [12]. Paper [11] pro-
posed the model and the method for simulating the motion 
of people, which are approximated by a set of ellipses, taking 
into consideration different minimum allowable distances 
between people and taking into consideration a series of 
additional technological limitations, among which it is pos-
sible to distinguish motion at different speeds, taking into 
account maneuverability, comfort, transformation processes 
and spreading of human flows.

When the motion category changes and transfers into 
the category of an active motion with possible forced actions, 
flow density increases. There arises a problem of the simula-
tion of the movement of people taking into consideration the 
natural deformations of a human body, which in the research 
is accounted for by changing the spatial shape of the object 
approximating a human body.

In paper [17], it was proposed to consider a complex object 
represented by the combination of three ellipses as such object. 
In such a complex object, the basic ellipse allows continuous 
translations and turnings, and the two auxiliary ones allow 
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continuous rotation within acceptable limits (relative to the 
turning angle of the basic one) relative to their gluing point.

When simulating the motion of human flows at each dis-
crete moment, there is a configuration of the object arrange-
ment [18], approximating a human body. The problem of 
arrangement of the considered complex objects can be used 
to obtain a maximum estimate of the number of people who 
can be accommodated within both the stationary and mobile 
means during their evacuation from buildings. 

That is why an important and unresolved part of the 
problem is the development of mathematical models and 
methods for the rational choice and optimal accommodation 
of people, represented by a three-component model, within 
stationary and mobile evacuation vehicles under conditions 
of an emergency.

3. The aim and objectives of the study

The aim of this study is to develop mathematical models 
for the rational choice and optimal accommodation of people 
(complex objects) within mobile evacuation vehicles, which 
are represented by a set of regions of the predefined size.

To achieve the aim, the following tasks were set:
– to construct an MIP model for choosing and optimally 

accommodating people in mobile vehicles when evacuated 
from buildings; 

– to develop a mathematical model of the rational ac-
commodation of people within a chosen mobile vehicle when 
evacuees are loaded to them in the predefined  order, to 
analyze its features; 

– to construct a geometric model of a human body ade-
quate for evacuation problems, to describe analytically the 
conditions of non-intersection of objects that are the model 
of a human; 

– to modify the method of searching for a locally optimal 
solution for the problem of optimization of arrangement of 
complex three-component objects (people) in a rectangle of 
the predefined size (an evacuation vehicle) according to the 
assigned sequence of its filling.

4. MIP model of choosing and optimal accommodation 
of people within mobile vehicles during evacuation from 

buildings

There is a group of L people li, i=1, 2, …, n with the as-
signed individual dimensions and set M of mobile TECHNI-
CAL VEHICLES Sj, j=1, 2,…, m with evacuation zones Zj of 
cost Cj. It is necessary to ensure evacuation of group L using 
vehicles from M of minimal cost.

Construct the common “evacuation zone” for the whole 
set S in the form of ,m

j jZ Z=


,�k jZ Z∩ = ∅  k<j=1,2,…, m. 
Then, the MIP [19] mathematical model of such a problem 
can be stated in the form:    

1

min,
m

j j
j

b C
=

→∑     (1)

( ) ,i il u Z⊂ 1,  ..., ,i n=    (2)

( ) ( ) ,i i s sl u l u = ∅ 1,2,..., ,i s n< =    (3)

{ }0,1 ,jb ∈ 1,  ..., ,j m=     (4)

where bj=1, if component Zj of zone Z is not empty and is 
equal to 0, otherwise, ui are the parameters of accommo-
dation of the i-th object, unambiguously characterizing its 
position on a plane (the number of such parameters depends 
on the kind of an object).

Consider a particular case of the presented problem when 
all the technical vehicles S are the same and evacuees are 
brought to them in the predefined order. 

Under these limitations, the solution to problem (1) to (4) 
can be reduced to the solution of a sequence of sub-problems 
that have the following form at the j-th stage.

5. Mathematical model of the rational accommodation of 
people in the selected mobile vehicles when evacuees are 

brought to them in the predefined order

Accommodate in zone Zj a maximum number of people li, 
i=1,2, …, nj from ordered group Lj in the assigned sequence.

Here Lj=n, at j=1, 

1

1

\ .
j

j k
k

L L L
−

=

= ′


1

1

j

j k
k

n n n
−

=

= − ′∑

at j>1, where kL′  is the group having ,kn′  people accommo-
dated in zone Zk at the k-th step.

Mathematical MIP model of the sub-problem can be stat-
ed in the following form: 

1

max,
jn

i
i

b
=

→∑      (5)

1,i ib b +≥ 1,  ..., 1,ji n= −     (6)

( )*

0,i jl Z
i ib uΦ ≥ 1,  ..., ,ji n=    (7)

( ), 0,i sl l
i s i sb b u uΦ ≥ 1,2,..., ,ji s n< =   (8)

{ }0,1 ,ib ∈ 1,  ..., ,ji n=    (9)

where bi=1, object li belongs to zone Zj and is equal to 0, 
otherwise condition (6) ensures the accommodation of the 
first objects from ordered set Lj in the assigned sequence, 
function ( )*

i jl Z
iuΦ  in (7) is phi-function [7, 8], describing the 

condition of accommodation of object li(ui) in object Zj (con-
dition of non-intersection of objects li and ( )* 2 \ int ,j jZ R Z=  
function ( ),i sl l

i su uΦ  in (8) is phi-function, describing the 
condition of non-intersection of objects li(ui) and ls(us). 

Consider the main features of problem (5) to (9):
1. Problem (5) to (9) is the problem of mixed integer pro-

gramming: variables bi, i=1,2, …, nj are discrete (binary), and 
variables in vector ui, i=1,2, …, nj are continuous.

2. Objective function (5) is piecewise continuous (equal 
to the number of objects arranged in the area). 

Solution to problem (5) to (9), in its turn, can be reduced 
to the solution of a sequence of sub-problems, having at the 
i-th stage the following form: arrange in zone Zj the first ob-
jects ( )*

jn i=  form ordered set Lj. If a solution can be found, the 
attempt is made to solve the next sub-problem of arranging in 
Zj the first (i+1) objects, otherwise it is accepted that 1jn i= −′  
and the process of solving sub-problems is interrupted.

The mathematic model of the sub-problem, presented 
below, is adapted to the solution by the multistart method 
with the use of the artificial basis.  
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max,l →      (10)

( )*

, 0,i jl Z
iuΦ l ≥ *1,  ..., ,ji n=    (11)

( ), , 0,i sl l
i su uΦ l ≥ *1,2,..., ,ji s n< =    (12)

[ ]0,1 ,l ∈      (13)

where l is the coefficient of homothety of objects, function 
( )*

,i jl Z
iuΦ l  in (11) is the phi-function, describing the condi-

tion of arrangement of object ( )i il ul in zone Zj (condition 
of non-intersection of objects ( )i il ul  and ( )* 2 \ int ,j jZ R Z=  
function ( ), , ,i sl l

i su uΦ l  in (12) is the phi-function, describ-
ing the condition of non-intersection of objects ( )i il ul  and 

( )s sl ul . Optimization begins from artificial admissible point 
at 0l =  and random parameters ui, at which point ( )i il ul  
belongs to zone Zj. If the global maximum of problem (λ=1) 
is obtained, the permissible arrangement of objects in the 
zone is constructed.

Note. For some types of the arranged objects, it is advis-
able to use quasi-phi-functions [9, 10] instead of phi-func-
tions in expressions (11) and (12). More details on this issue 
will be explored below. 

Thus, to complete the mathematical statement of the 
problem, it is necessary to specify the type of objects used 
to model a human body and to plot functions of type (11) 
and (12) for these objects. 

In the future, to simplify the calculation, we will 
remove index j from model (10)–(13) and will consider 
the problem of searching for the admissible packing of ob- 
jects li, i=1,2,…, n in zone Z.

6. Construction of a geometric model of a human body 
that is adequate for evacuation problems 

First of all, it should be noted that for the problems of 
the class in question, it is advisable to use relaxation and 
move from considering the interactions of three-dimensional 
objects to the interaction of their projections onto a horizon-
tal plane [12]. At the same time, the representation of the 
projection of a human body onto a horizontal plane in the 
form of a rectangle is too rough even for methods, in which 
the individual transition of human flows in a free mode is 
simulated. Ellipses are a good model of the projection of a 
human body onto a horizontal plane [11, 12]. When using 
ellipses as models of a human body and using convex poly-
hedrons (rectangles) to model zone Z, the model (10) to (13) 
takes the form

max,l →      (14)

( )*

, 0,iE Z
iuΦ l ≥ 1,  ..., ,i n=    (15)

( ), , , 0,i sE E
i s isu u tΦ l ≥ 1,2,  ...,  ,i s n< =   (16)

[ ]0,1 ,l ∈      (17)

where ( )*

,iE Z
iuΦ l  is the function, describing the conditions 

of accommodation of object ( )i iE ul (ellipse) in zone Z,

( )* 2 \ int ,Z R Z=

( ), ,i i i iu x y= θ  

are the parameters of accommodation of ellipse, Ei, vi=(xi,yi) 
is the vector of translation, θi is the angle of translation of 
an object;

( ), , ,i sE E
i s isu u tΦ l

 
is the quasi-phi-function, describing the 

condition of non-intersection of ellipses ( )i iE ul  and ( ),s sE ul  

ist  is the auxiliary variable, l is the coefficient of homothety. 
Such functions for the construction of the mathematical 
model of accommodation of ellipses in the polygon zone were 
proposed in [20].

However, this representation is suitable only for modeling 
free movements of people and does not make it possible to take 
into consideration permissible deformations of a human body. 
This enables making a three-ellipse model of the projection of 
a human body onto a horizontal surface [17] ,i ci ri lil E E E=    
in which central ellipse ciE  models the trunk, and the “right” 
and “left” ellipses Eri and Eli, respectively, the right and left 
shoulder (Fig. 1).

Fig. 1. Three-component model of the projection of a human 
body onto the horizontal plane

The common “gluing point” gl is assigned for ellipses 
Eci and Eri, and “gluing point” gl is assigned for ellipses 
Eci and Eli. Points gr and gl lie on the large axis of el-
lipse Eci and are located symmetrically in relation to its 
small axis. The position of points gr and gl on the plane 
is determined exclusively by the parameters of the ac-
commodation of ellipse Eci. The ellipses Eli and Eri can 
only rotate at the angles in the assigned range (in rela-
tion to the rotation angle of ellipse Eci) relative to these  
points (Fig. 2).

Fig. 2. Illustration of the change of configuration of  
the composite object

Thus, each of objects li on the plane is determined by the 
vector

( ), , , , , , , ,i ci ci ci li li li ri ri riu x y x y x y= θ θ θ

at the position of meeting the “gluing” restrictions 

1 2cos cos ,ci i ci ri i rix w x w+ θ = − θ   (18)
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1 2sin sin ,ci i ci ri i riy w y w+ θ = − θ    (19)

1 2cos cos ,ci i ci li i lix w x w− θ = + θ    (20)

1 2sin sin ,ci i ci li i liy w y w− θ = + θ    (21)

and restrictions to the range of turning angles

2 1,ci i ri ci iθ − α ≤ θ ≤ θ + α    (22)

1 2.ci i li ci iθ − α ≤ θ ≤ θ + α     (23)

Here wi1, wi2, αi1, αi2 are the constants characterizing the 
physical parameters of a certain person.

With this in mind, model (14) to (17) can be represented 
in the form

max,l →      (24)

( )*

, 0,il Z
iuΦ l ≥ 1,  ...,  ,i n=    (25)

( ), , , 0,i sl l
i s isu u tΦ l ≥ 1,2,  ...,  ,i s n< =   (26)

1 2cos cos ,ci i ci ri i rix w x w+ θ = − θ 1,2,  ...,  ,i n=  (27)

1 2sin sin ,ci i ic ri i riy w y w+ θ = − θ 1,2,  ...,  ,i n=  (28)

1 2cos cos ,ci i ci li i lix w x w− θ = + θ 1,2,  ...,  ,i n=  (29)

1 2sin sin ,ci i ci li i liy w y w− θ = + θ 1,2,  ...,  ,i n=  (30)

2 1,ci i ri ci iθ − α ≤ θ ≤ θ + α 1,2,  ...,  ,i n=   (31)

1 2,ci i li ci iθ − α ≤ θ ≤ θ + α 1,2,  ...,  ,i n=   (32)

0 1,≤ l ≤      (33)

where 

( ) ( ) ( ) ( ){ }* * * *

, min , , , , ,i ci ri lil Z E Z E Z E Z
i ci ri liu u u uΦ l = Φ l Φ l Φ l  

are the phi-function, describing the conditions of arrange-
ment of object ( )i il ul  in zone Z, ( )*

, ,ciE Z
ciuΦ l ( )*

, ,riE Z
riuΦ l

( )*

,liE Z
liuΦ l – phi-function, describing the conditions of ar-

rangement of corresponding objects in zone Z.

( )
( ) ( )
( ) ( )
( ) ( )
( )

, , ,

, , , , , , , ,

, , , , , , , ,

min , , , , , , , ,

, , , , , ,

i s

ci cs li cs

ri cs ci ls

li ls ri ls

ci rs li rs

l l
i s is

E E E Ecc lc
ci cs is li cs is

E E E Erc cl
ri cs is ci ls is

E E E Ell rl
li ls is ri ls is

E E E Ecr
ci rs is li rs is

u u t

u u t u u t

u u t u u t

u u t u u t

u u t u u t

Φ l =

Φ l Φ l

Φ l Φ l

= Φ l Φ l

Φ l Φ ( )
( )

, ,

, , ,ri rs

lr

E E rr
ri rs isu u t

 
 
 
  
 
 

l 
 

Φ l  

 (34)

– quasi-phi-function, describing the condition of non-inter-
section of objects ( )i il ul ⋅  and ( );s sE ul ⋅

( ), , , , , , , ,cc cl cr lc ll lr rc rl rr
is is is is is is is is is ist t t t t t t t t t= is the vector of auxiliary 

variables of quasi-phi-functions,

( ), , , ,ci csE E cc
ci cs isu u tΦ l ( ), , , ,li csE E lc

li cs isu u tΦ l

( ), , , ,ri csE E rc
ri cs isu u tΦ l ( ), , , ,ci lsE E cl

ci ls isu u tΦ l

( ), , , ,li lsE E ll
li ls isu u tΦ l ( ), , , ,ri lsE E rl

ri ls isu u tΦ l

( ), , , ,ci rsE E cr
ci rs isu u tΦ l ( ), , , ,li rsE E lr

li rs isu u tΦ l

( ), , ,ri rsE E rr
ri rs isu u tΦ l  

are the quasi-phi-functions, describing the conditions of 
non-intersection of the corresponding pairs of ellipses, equa-
tions (26) to (29) assign the conditions of “gluing” the com-
posite object, inequality (31), (32) – the restrictions to the 
rotation angles of the parts of a composite object.  

7. Development of a method to search for  
a locally-optimal solution to the problem of optimization 

of people’s accommodation in evacuation vehicles

Mathematical model (24) to (33) is the classical problem 
of non-linear programming, dimensionality of the vector of 
its variables u=(λ, u1, u2,…, un, t12, t13,…, t1n, t23,…, t2n,…,tn-1,n)  

makes up 
( )1

27 1,
2

n n
n

−
+ +  assessment of the number of  

 
equalities O(n2).

The problem is solved at two stages:
1) the search for the initial (starting) admissible point;
2) finding the local extremum of the problem.
The method of minimizing for the groups of variables [21] 

with the use of the homothetic transformations of objects is 
considered as the method for searching for initial approxi-
mation. 

Local optimization is performed with the help of the 
package of the non-linear optimization with the open source 
code IPOPT [22]. For the number of objects exceeding 5, it 
is appropriate to apply the decomposition schemes, described 
in [11], to solve the problem. 

In the case of different mobile technical vehicles, the 
approach outlined in paper [23, 24], can be used for choos-
ing them.

The algorithmic support for computer simulation of the 
optimization of objects’ accommodation was created. The 
program was developed in the Visual C 6.0 environment 
to simulate the process of evacuation of a group of people 
in the order of assigned sequence with the use of mobile 
vehicles. 

A series of computational experiments were carried out. 
For the zone having the area of 1 m2, the problem of deter-
mining the maximum number of objects arranged in it was 
solved by their selection according to the assigned sequence 
of numbers from the set of 35 objects with the optimization 
of their arrangement.

Computational experiments were conducted using AMD 
Athlon 64x2 Dual5200+. The sub-problems of non-linear 
programming were solved using the IPOPT software, which 
was developed based on the internal point method and 
available at an open non-profit resource [25]. The results 
of computer simulation of the objects’ accommodation are 
shown in Fig. 3, 4.

The time to search for the local extremum for objects 
represented by a three-component model, with continuous 
translation of the main ellipses, as well as continuous turn-
ings of both basic and auxiliary ellipses (Fig. 3), is 275.32 s. 
For the objects presented by a single-component model, 
with their continuous translation and turnings (Fig. 4),  
it is 35.53 s. 
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Fig. 3. Examples of local extremes [22] of problem (5) to (9) 

for the objects, represented by a three-component  
model (18) to (23), Fig. 1, 2: а – with continuous translations 

of the basic ellipses and with continuous rotations of both 
basic, and auxiliary ellipses and with continuous turnings 
of both basic and auxiliary ellipses; b – with continuous 
translations and turnings of basic ellipses, continuous 

turnings of auxiliary ones  
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Fig. 4. Examples of two local extremes of  

problem (5) to (9) for the objects, represented by the  
one-component model, with their continuous translations 

and turnings: а – ellipses of large and medium dimensions; 
b – ellipses of large, medium, small dimensions, which 

approximate adults, adolescents and children, respectively

To verify the adequacy of the proposed mathematical 
models, a computational experiment was conducted.

The process of evacuation of a group of people in the 
order of the assigned queue was simulated using the same 
mobile vehicles. Mobile means with the useful area of  
2 square meters (1 m by 2 m) having a rectangular shape 
were considered; the list of admissible forms can be expand-
ed. For each of the zones, the problems with an increase in 
the number of arranged objects were solved until the prob-
lem with an non-admissible system of restrictions (it is not 
possible to arrange objects in the area) was obtained. The 
last of the obtained decisions was memorized, which was 
followed by the transition to filling the next area. Emerg-
ing problems of non-linear optimization are solved with the 
IPOPT software package.

The accommodation of 100 people, approximated by el-
lipses, with pseudo-randomly generated dimensions of their 
semi-axes on a first-come, first-served basis was simulated. 
Ellipses were used as a model of a human body. As a result of 
the simulation, these ellipses were arranged in seven areas in 
the number of 16, 14, 16, 17, 16, 13 and 8 objects, respectively. 
If we do not consider the last area (not fully filled), the accom-
modation capacity of (100–8)/12/7.666666666666677 peo-
ple per square meter was achieved. This value corresponds to 
the experimental estimates for the joint movement of human 
flows. Thus, it was proved that the model of a human body 
in the form of ellipses is intended for modeling joint reloca-
tions (7–9 people per one square meter) and simulation of 
dense loading of mobile transport means at non-traumatic 
deformation of human bodies and does not go beyond its 
applicability.

The sequence of three-component objects of the form 
of (18) to (23) with the dimensions (at the zero angle of the 
“shoulder” turning) coinciding with the dimensions of the 
ellipses was considered. As a result of the simulation, these 
objects were arranged in six areas in the quantity of 20, 20, 
20, 20, 18, and 2. If we do not consider the last area, the 
capacity of (100–2)/10=9.8 people per one square meter was 
achieved. The last estimate corresponds to the experimental 
estimates (9–10 people per sq. m.) [12], obtained during the 
study of the process of people’s evacuation by mobile vehicles 
with force influence, implemented by natural deformations 
of bodies.

It should be noted that compliance with the experi-
mental estimates can be enhanced by selecting parameters 
that determine the ratio of the dimensions of components of 
complex objects. However, this does not appear to be signif-
icant as the experimental and obtained estimates are fairly 
well-coordinated.  

A three-component model, admitting continuous trans-
lating of basic ellipses, as well as continuous turnings of 
both basic and auxiliary ellipses, is more effective in terms 
of the considered objective function (5) – the number of 
arranged objects:

9.8 7.7
100 % 100 % 21,4 %,

9.8
c o

c

b b
b
− −

∆ = ⋅ = ⋅ =

where bc is the average number of three-component objects 
per 1 sq. m; bo is the average number of arranged ellipses  
per 1 sq. m. 

This result can be used to obtain the maximum estimate 
of the number of objects, filling the area, for example, when 
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filling the transport vehicles with loads, according to the 
specified loading sequence. The idea of creating multi-com-
ponent objects allowing continuous rotations of the compo-
nents of a model in relation to the basic one can be used, for 
example, in robotics. A robot consisting of mobile component 
will be able to enhance its efficiency due to changing its spa-
tial shape during the passage of complex routes arising in the 
process of emergency development.

Another advantage of this approach is its flexibility. It 
became possible to obtain quick estimates for the groups of 
people with non-standard physical parameters (e. g. sumo 
wrestlers), people with dimensional loads, stretchers, wheel-
chairs, etc. It is enough just to add to the model the inequal-
ities to simulate non-intersection of new objects with ellipses 
and among themselves.

6. Discussion of the results of computational experiments 
obtained by the implementation of the developed 

mathematical models and their practical use

The MIP model of rational selection and accommoda-
tion of people in mobile technical vehicles during evacua-
tion from buildings (1) to (4) was constructed. A particular 
case of the model (5) to (9) – optimization of accommo-
dation of people in both stationary and mobile emergency 
evacuation vehicles according to the sequence of people’s 
arrival from the moving stream was considered. The follow-
ing basic features of the model were explored: the problem 
belongs to the class of problems of mixed integer program-
ming; the objective function is piecewise continuous. The 
specific features of the model made it possible to reduce 
reasonably the problem to a sequence of sub-problems of ar-
ranging the first objects (people) according to the sequence 
of their arrival and to adapt each of them to the solution 
with the use of the multistart method with the application 
of the artificial basis (10) to (13).

Another very important feature of the model, distin-
guishing it from the existing ones, is the properties of the 
explored arrangement objects. An arrangement object 
is a complex object consisting of three components. The 
difference from the existing complex objects is that the 
components of an object can rotate continuously, based 
on the specified limitations (18) to (23), Fig. 1, 2. To 
construct a model for such a problem, we obtained an ana-
lytical expression in the form of quasi-pfi-function for the 
conditions of non-intersection of the explored objects (34). 
This allowed description of the optimization problem of 
arrangement in the form of non-linear programming prob-
lems (24) to (33) and modification of the existing methods 
for finding local extremes for a wider range of geometric 
objects. Computer simulation of objects’ accommodation 
presented by a three-component and a single-component 
models, in Fig. 3, 4, respectively, showed the effectiveness 
of a multi-component model (an increase in objective func-
tion (5) by an average of 20 % is achieved).

In the study, there is a restriction to both the number 
of the components of an arrangement object and its shape 
(the shape of an ellipse), based on the terms of the subject 
area in question. This restriction is not fundamental. Mod-
els and methods allow changes in both the number of the 
model components and their spatial shapes, which will only 
lead to an increase in labor-intensity of the problem-solving 
algorithms. 

Further research could include the simulation of ar-
rangement of the new types of complex objects with the 
components allowing turns, as well as modification of the 
proposed methods in modeling the motion of human flows, 
robots, obtaining upper estimates of filling the areas with 
objects.

7. Conclusions

1. The MIP model of the rational choice and optimal ac-
commodation of people in mobile technical vehicles during 
evacuation from buildings was constructed in the research. 
A sequence of mathematical models, which is a common 
component, was constructed. Analysis of the features of 
the proposed mathematical models showed that the solu-
tion of the main problem can be represented in the form of 
two stages. The first stage is the choice of zones of filling 
(vehicles) on a discrete set, formed by their numbers. The 
second one is the solution of the problem of optimization of 
arrangement of complex objects in selected areas of specified 
dimensions. Thus, based on the features of the mathematical 
model, a reasonable strategy for solving the main problem 
was developed.

2. A particular case of the model – optimization of ac-
commodation of people both in stationary and mobile evac-
uation vehicles according to the sequence of people’s arrival 
from the moving stream, was explored. We considered the 
following basic specific features of the model: the model of 
the problem of mixed integer programming, the objective 
function of which is piecewise continuous. The specific 
features of the model made it possible to reasonably reduce 
the problem to the sequence of sub-problems of arranging 
the first objects (people) according to the sequence of their 
arrival and to adapt each of them to the solution with the 
use of the multistart method with the application of the 
artificial basis.

3. A three-component model is considered as arrange-
ment objects (human body). The model includes limitations: 
to conditions of sticking the components of the model into 
a single complex object; to the ratio of angles of rotation of 
the model components, arising from physical restrictions 
to the mutual position of body parts. This model allowed 
simulating the accommodation (relocation) of people taking 
into consideration their force actions, which occur at their 
active movement at high arrangement densities. The model 
can serve in order to obtain the upper estimate of coefficient 
of area filling. Computer simulation of the objects arrange-
ment, represented by a three-component and a single-com-
ponent models, showed the effectiveness of a multi-compo-
nent model (an increase in the objective function on average 
by 20 % is achieved).

4. The modifications of the methods for obtaining local-
ly-optimal arrangement of complex objects in the area were 
proposed. The modifications take into consideration both 
the formation of the sequence of arrangement sub-problems, 
and the specific features of arrangement objects, for which 
analytical expressions for the conditions of their non-inter-
section were obtained. Analytical expressions for non-inter-
section conditions enable the construction of a mathematical 
model of arrangement optimization and represent it as a 
classic problem of non-linear programming, which allowed 
solving it with the help of the existing IPOPT package of 
non-linear optimization.
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